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ABSTRACT

Highly efficient algorithms hiave been derived for calculating the

probability of detection, PD,
include the Marcum model (constant target cross section) and the four

for several target fluctuation mcdeis, These

Swerling models (chi-squared fluctuations). Programs are presented in
computer free notation as well as FORTRAN (for accuracies of l()-'6 and
IO-M) for each of the models,

Ia addition, an approximate expression for the elevation of PD,
applicable when the target return is constant during a scan but exhibits log-
normal fluctuation from scan-to-scan, is presented, together with a list~

ing of a FORTRAN program that evaluates the expressio.,

An efficient iterative routine for the determination of the thresheld

irom the probability of false alarm is also included.
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SECTION 1

INTRODUCTION

Some highly efficient algorithms for the evaluation of probability of
detection on N incoherently integrated returns have been determined and are

presented here, The efficiency is, of course, inversely related to accuracy,
6

»

consequently two FORTRAN versions are given: one with accuracy of 10~
12

and the other with an accuracy of 10~
In April 1960, the IRE Transactions on Information Theory published
papers by Marcum and Swerling [Refs, 1,2, 3] that derived expressions for
the probability of detection, PD, for targets of constant backscattering
(Marcum) a2nd of four different medeis for backscatter fluctuation (Swerling).
The resulting forraulas were manipulated into more convenient forms [Refs, 4,
5,6, ], and graphs supplementing those of Marcum and Swerling were furnished,
Heidbreder and Mitchell [Ref, 7] added the log~normal model for characterizing

the tluctuation, This latter model has been found to be very useful for targets

that have large mean to median ratios, Other models exist [Refs, 8,9,10],
but we will limit ourselves to these since they cover most situations well

enough,

Although the graphs provided in the references are useful, an efficient

g {11 ““:\"i‘h

means of computation is sometimes necessary, Two problems arise if one

I
"""‘nyJJ“l g

uses the expression as presented, First, computations can be quite lengthy,
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especialiy if great accuracy is regquired, and second, there can be problems
of overflow and underflow even though all answers are between zero and one,
New efficient exﬁrenions have beer obtained for the Marcum and Swerling

modeis, and these are modified to reduce the computation effort further

without sacrificiag accuracy, An approximation is presented for the case in
which the radar cross section is constant within a scan but exhibits log-normal
fluctuations from scan to scan,

Programs for the evaluation of the various PD(e) are presented in
computer free language and in two FORTRAN versions for an IBM 370; the

first with an accuracy of 107% and the second with an accuracy of 10712,
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SECTION 2

EXPRESSIONS FOR PROBABILITY OF DETECTION

In this section the expressions for PD for the six cases are presented
without proof since they are derived in the literature [Refs, 1,2,3,4,5,6,71.
In order to preserve the Swerling model numbers 1 through 4, we will refer
to the constant target as case 0, the Swerling cases as cases 1 through 4, and

the log-normal fluctvation as case 5,

2.1 Case 0

The Marcum derived expression for PD is
® N-1
-+ +X,,)
g - v 3 N [%
OPN(X, Y)= —_— e IN - I(ZV XNv)dv
y ¥n

(2.1)

where N is the number of pulses incoherently integrated
Y is the threshold level
¥ is the average signal-to-noise ratio of a single pulse

XN is the total signal-to-noise ratio of all N pulses

In(Z) is the nth order modified Besesel function.
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If the N pulses are not identical, we still have
X-= XN/ N .,
By substituting in Eq, (2. 1) the infinite series for In(Z)
n 2k :
_(z (z/2)
L@ =(5) )t (2.2)
k=0

and interchanging the order of summation and integration, one obtains Fehlnar’s

equation [Ref. 4]

_ _fN © (§N)k N-1+k R
P(X,Y)=¢ e e —_— (2.3)
0" N k! m!
k=0 m=0

2,2 Casel:
The signal-to-noise ratio, X, with mean X, is assumed constant
throughout the integration scan but distributed as chi squared with 2 deg=ees

of freedom from scan to scan. The resulting P is [Refs, 5, 6]

Y
T1+X
e for N=1
1P, Y} =
d m
1- E e‘Yz—- focr N 2
m!
m=N-1
) i 1 +Y.L k4 i
1\ N-1 - '}'EN (l +5KL)
+(1 +!_) E e N (2.4)
N m=N-1 m!
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2,3 Case 2

The signal-to-noise rati>. X, with mean X, i» assumed to be distributed
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as chi-gguared with 2 degrees of freedom and independent from pulse to pulse,

Y

The expression for PD is [Refs, 5, 6]

Ll
2
2g
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2
3
|
£

m
w S 4 ( Y)
ZPN(X,Y)=1- E e 11X N t+X/

. (2.5)
m!

m=N

2.4 Case 3

The signal-to-noise ratio, X, with mean X, is assumed to be dis-

tributed as chi-squared with 4 degrees of freedom from scan to scan but

constant within a scan, The expression for Ppis [Refs. 5, 6]

..
N
s

Y
o 1+:‘</2(1 +__(.-‘.f[i)Y2\
(1 +X/2) )

for N=1
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N-2
Y m
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m
{

J—
g il

/_:_\
+
254
ot
S~
<
z
N
r—
1
iz
z ?
~
™I
+
ot
+
x|
Z
SN
™~
| S——
Lt ALy g in e MK

Pt

i
Ve b e L

e

- Y Y m
% i ()
1+‘<N/2 1+xN/2
x 11 - e
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2.5 Case 4:

The signal-to-noise ratio, X, with mean X, is assumed to be distributed

as chi-squared with 4 degrees of freedom and indepindent {rom pulse to pulse.

The expression for P, is [Refs. 5, 6]

Y
N w Y
=k — —,m
T A U X 1+X/2 (1 +%/2)
RNGHIES! (1 +x/z) zo (2) ENH\ e —“:;zL_
= m= <
(2.7)

2.6 Case 5:

The signal-to-noise ratio, X, with mean X, is assumed to be log-

normally distributed [Ref, 7] from scan to scan but constant within a scan

k- The log-normal distributicn with parameters X and p is %
. =’ 55)
i A 1 - 2 <

: px(xlx’f’): — € 2o (<x<w (2.8) 3

- . 2rox ;

2 where M = %»( 1§ the median of X and ¢ = JZ!np is the variance of InX. The i

3 expression for P is ;

© i? :

P Yop) = 0P ¥) pylx| X, p) dx (2.9)

0

4 |
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SECTICN 3
NEW EXPRESSIONS FOR PRCBABILITY OF DETECTION

In this section the cxpressions for cases 0 through 4 are modified so

1 as to achieve more efficiently a specified accuracy and also to eliminate the
N problem of overflow and underflow, The efficiency is a result of the 3 facts:

(1} a recursive method is used %o evaluate the probability, (2) the bound on

4 mwmsmwAmMm«m&mﬂ%ﬁm@.‘Mwmmmm‘F-uwmmwwemm )

the error consists of two factors, one in terms of

!
.

—XN and one in terms of 7,

L i At AL

each of which is approaching zero, and (3) the terms used for the bound are

gimilar to those used in the evaiuation and require little additional calculation,

3.1 Case O:

+
i}

b

) .?;k.m'mM»M\Mwmw.mw’nmsmm,afmmmiialm.&mMWM&WMM;hu:tur.x.m,mw.w.mm"mmw

We begin with Eq, (2. 3) and change the order of summation (see Fig. 1)
to obtain

ST R it Tl

k

-— -1 o —
(X Y)= e-(XN +Y) e YN . zr_n- X
0° A\ o 34 Z m!' Z ]

m=0 k=0 m=N k=m+1-N

z X
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(3.1)
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P (%.7) - Y Y™, -y ™ Xy Xn
LX.Y) = e W e - ¢
m=0 m=N ‘ k=0
: (3.3

and

so that, if we use PL(f, Y) to represent OPN(i’ Y), our truncation error

will be R (%, Y). We can bound RL&, Y) by

_ v S g Ty, RN gk

m=L+1 k=0
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If we choose L large enougn such that

= 2

= - I % Lil-N ¢ k :

%J: T -y ol ,m - XN \ YN ?‘gﬁi

B 1-e —1fl-e — |s€ (3. 6) £

\ m= / k=0 ! z

where ¢ is our desired accuracy, then we have guaranteed that %2

oPN(Z YY) - P (X, Y) s€, (3.7) i

=

A program in computer-free notation to evaluate PL(SE' Y) is shown g

in Fig. 2, The notation used is based on one devised by Iverson [Ref, 11]." %2

=3 “The arrow notation within the box symbolizes a specification, that is, the §:

= statement SUM « YMS is translated to mean chat the quantity SUM is specified E
by YMS. A branch is denoted by an arrow outside the box leading to the next

4 statement to be executed. A comparison is denoted by a colon (:), and a

branch i3 executed if “he comparison condition specified on the arrow is
satisfiad; otherwise the next instruction in sequence is executed, As an
example, we interpret the segment below as follows: if M = N~1, go to line
n+5, otherwise set M to M+l, Multiply YM by Y, divide by M, and set YM
to this quantity, Set YMS tc YMS + YM, set SUM to YMS, and branch to line

Line number . é
v n . - M:N-1 ISR %
n+1 M=—M +1 j
n+2 YM—YM- Y/M ,,
n+3 YMS — YMS + YM \?
nt4 SUM = YMS ‘f
4 a+5 ——=  XKS~1.0 3

! '
T TURPIRR .
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Z-N-X
YM*~1.0
YMS - 1.0

M=+0

M:N=1

M=M+] ]
YM = YM- Y/M
YMS = YMS + YM
SUM = YMS
XKS - 1.0
XK+1.0
K0
1 KeK+1
MM+

<] YM <YM+ Y/M
YMS ~ YMS + YM
-z

SUM = SUM + YM(1 —e < XKS)
XK ~ XK * Z/K
XKS + XKS + XK

L2 0 -e’YVMS)n -e'ZXKS) e

Vb v

R 1 e A
‘E!V‘v.‘*“’. b { l" i sk

! l
A
4 'L%’

Pee Y. SUM - EXIT

Fig. 2. Program for evaluating PL(X, Y).
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The program, as it gtands, suffers from two drawbacks,

First,

there is a large region .. the -}EN - Y plane in which OPN(i' Y) is equal to

one to within €, We can therefore avoid, without loss of accuracy, many

wasted computations by determining approximately this region in the

X, - Y

N

plane and by testing for the given N to see if (fr ,Y)is in it, This is done

by noting that for each € we can determine a value K t?(X) (see Apperdix B)

such that if
K < K (X)

then

Similarly we can find value M e(Y) such that if

N>ME(Y)
then
N-1 m
e Y ¥ _ 5. ef2 .
mt -
m=0
12

(3. 8)

(3.9)

(3.10)

(3.11)
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N-1 N+K - -
_ -y Y™ Yy ™ m§ N: XN TlfNk
OPN(X,Y) = e _—t e - 11 - e
m! m! k!
m=0 m=N k=0
&
o0 . -
v m m-N _XN X k
+ e —_— Il - E e —_—
m! 3
m=N+K+1 k=0 : %
Z
N-1 N+K §
> XYY E YYI_ n-e¢n §
- m? m! 3
m=0 m=N 2
e m-N = k %
_ m -X g
+ E e Y z—-'— 1- E e N —NT— E
m=N+K +1 ) k=0 )
N+K m N+K m
Y Y e ¥ oY ;
> - - -
- Z € m!? A € m'
m=0 m=N

> 1-¢€/2-¢f2

=] -€

so to within an accuracy €, OPN is equal to one, Second, problems of over-

flow and underflow still exist,

13

Underflow can be treated by determining if X

e T w~‘m.wmw@wmmmmm\mmmmmmmmm' Lk

(3.12)
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(or Y) is larger than a quanti’. E where e-E is at (or near) the emallest numbteor

o A R s § L R
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representable by the computer, Jf X is greater than E, so that evaluating

=X .
e would cause an underflow, w2 rewrite the term

k

- X-kin X +Z inn
Ex; = e n=1 se-ExP (3.13)
and compare Exp to%. If Exp is greater than E, then certainly c.a°ExP << €
and can be ignored. We then increase k until Exp < E and start our sum-
mation from that value of the index, The Y terms can be similarly handled,

If Y is small enough relative to N, the sum

B N L A

N-1
m
e-Y Y
m!
m=0

by itself may be within € of 1, and this is tested in the program,

H Y is large relative to X, then OPN(-}T. Y) is small and, depending

on N, may be within € of zero, A test is made in the program (see Fig, 4,
KD:X) to determine if setting 0P , to zerc is appropriate,

We have assumed that the accuracy of the exponential function is
greater than € and its errors can be ignored. It is necessary, however, to
consider round-off errors., Since we are working in floating point, relative
errors are small for a multiplication: +-.d since all cur answers lie between

zero and one, the absolute error is less than relative error and can be ignored.
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For addition, round-off errors can be important, If the algorithm of Fig, 2
terminates, then the answer is accurate to within ¢, Round-off error, how-

ever, can prevent it from terminating, The problem is exemplified by the

following situation: suppose XN is zero,

L-1 - Ym

E e — < 1l-¢
mn!

m=0

so that the criterion, Eq, (3, 6), is not met, and

L
e-Y Y—'- < S
where
L-1 m
6= E e Y ‘XT 10°?
m!
m=0

and n is the number of significant digits. Then, because of round-off error,

L L-1 m
Y .y Y™ _ -Y Y
> e _— = e —
Ad m! m!
m=0 as represented m=0 as represented
by the computer l by the computer
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so that the algorithm will not end since the criterion, Eq, (3. 6), will never

be met, The larger the value of Y, the smaller each individual term in the

i

sum and the greater the number of significant terms, For any ¢ and any

finite number of significant digits, there exists a large enough Y such that

our criterion will never be met,

s ke A

We therefore have a trade-off between the aumber of significant digits

Ly

carried, the accuracy, and the maximum values for Xand Y. If Z = max(X,Y),
the worst case situationis N=1and X =Y = Z, We consider some specific

cagses, Withe = 10"6 and double precision (1€, 8 digits, or more precisely

56 bits), the upper limit on Z was not found: it is greater than 1 miilion.

Withe = 10-12 and double precision, an upper limit between 110, 000 and

2
B

115,000 exists on Z, For single precision (7, 2 significant digits or 24 bits),

-

Fig. 3 shows approximate upper limits on Z fcr the different e,

[ T
Rk
£

ol A e R A s

q ' b N L g b o Do e
immmmmﬂmmm,,am‘:u:mmmﬁua,.mmmmmmm*ﬂmwﬁm‘msMmmm,m,wmmmm-mmmn %

If one can

I}

e

be satisfied with the limits single precision imposes on Z for a giveun ¢, then

computational efficiency will be derived from using it; otherwise double

precision must be used,

RIS T

The final program is shown in Fig, 4, and the double precision i

FORTRAN version with ¢ = 10”0 and ¢ = 10”12 is given in Appendix A. s

Two final points that should be mentioned are (1) since it will be use-

ful in computing some of the latter P (s), the value of e ¥ yN-!

/(N - 1)! i
. is also aa output of our program for OPN(X—' Y). For values of Y for which ]
OPN(i’ Y) is set to 1 or 0, we choose Y YN- 1/(N-l)! = 0, and (2) the ’

relationship between OPN(f’ Y) and the Q - function, which is def. ed by

TR

@ az +v2 |

i T L AR A
A L

opleem) = | v e T g jeviav (3. 14)
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I

400 }—

300 —

l

1076 10~%

€

Fig. 3. Approximate limits on X and Y vse, for single precision.
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ll&-‘-lSSCO!

N: MJY)—K.(X
?e-1
YM -0
Be=N-1
_K=0
Xte
-X
XK = e N
XXS = XK
M~0
Y:E
ym-eY
YMS -~ YM
M8
MM+ ]
YM=YM-Y/M
YMS = ¥YMS + YM
ToYMS~¢
P = YMS
Y-0
SUM = YMS
K~=K-+1
M=M=+ ]
YM=YM-Y/M
YMS ~ YMS + YM
SUM-SUM:YM(I - XXS)
XK = XK - X /K

XKS = XKS « XNK

{1 = YMS)(1 = XK3) = «
P~ Sum

")

MLY =0
LY =~ 1InY
M=M=+
LMF = InM
MLY =MLY + LV -- LMF
Y-MLY * E

YM'-e-(
M:B

YMS = YM

SUM -0
KD*>=M-N
KD : X
K=K=+1_
XK-XK-XN/K

XKS = XKS « XNK

K : KD
K-K-1

Y-MLY)

KX =0 _
LX"lnXN

K=K=+1
LXF = inK
_ KIX =KX+ Lx - LKF
X, -KX 3 E
«X_-KLX)
XK ~¢ N
8~BerK

Fig. 4. Program for the Marcum Model, Case 0.
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: is simply

PrE =0y (VR 2Y). (3.15)

3.2 Case 1:

Now that we have a highly efficient means of calculating OPN()E’ Y),

: we can use OPN(G, Y) in evaluating IPN(X' Y). In terms of 0PN(O, Y),
Eq. (2.4) becomes

[ _ Y
1+X

for N=1
e

. ) il

" ' . PRI ot i (8 b 1 bbb g A

Ut o, St A el Bl il S g it e el |
L, okl Pantheh . I W o i G i1 RLwhL Lk i b

i

1P ¥) =4 (3. 16)

\OPN - I(O'Y) for Nz 2

.?:’\"z‘ R Iy P

A 3

il ]
e ks

N-1 ) +X
H Y N
+(1 +___._.) i- OPN- 1 0, ———\le

N

ety

=1
==

Since the term in the square bracket is bounded between zero and one, then if

s b L AR A St s B, i

bl

B
1

e

(3.17)

ol

i
—
+
| -
S
2
’
[
(4]
Pt
o+
|
4
N
m
=
o

i

B

o R, )
Ll ikt R
o,

L]

33
=

19




; we need not calculate the second term for N = 2,

in Appendix A.

3.3 Caese 2:

In terms of 0PN(f, Y), ZPN(Y, Y) beccmes simply

P (X.v)= pP_ fo, - ¥
2PN S -
ON( 14X

3.4 Case 3:

Rewriting Eq, (2, 6) in terms of OPN(?’ Y) we obtain

The program for 1PN(ff, Y)

is shown in Fig. 5, and FORTRAN versions for ¢ = 10~° and 10~ 12 are given

(3. 18)

20

i Y
1+X/2 X/2) Y
/ 1+ ( _) 5 for N =
(1 +X/2)
1 Pn(Xs ¥) =
: YN -l ¥ 1 + P (0,Y) forN
SR — 0N - 110 or =2
, (1+XN/2)
) Y
N-2 14+X../2
+(1+_1) . N/ [I_N-Z Y
X../2 X + X
N/ XN/Z ITXN/Z

(3.

s W i bl s 10 E B ) R

19)

Y
o u

1t B e B il e RO

A Gt Dt N Dot
S —

R




1

i

i

M Moyt
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m
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R

AN

N uiv‘,'

"

4

e T —
SR S R

s et ——————— . . e —=

- s

TERER T el

N : 1
Sum ~C

EA? ¢ 30

Fe0

EXP = —— —(_N—l)in(] +__‘_)
1+ X

sum~11-p. [0 \
[ 0N-1('H1)J

P+ SUM +

[V

N

Y -EX?
e

AN

“18-4-10641]

o'n-1(0Y)

]
|

- EXIT

i

+ EXIT

Fig.

5. Program for Swerling, Case 1.
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\S 1, we first check to see if

Xn/?

since 0 <1 - OPN (0,

r y

S -(N-z)zn(u_l )
1+ <Jz Xp/2

e

(3. 20)

in which case the last term for N = 2 can be ignored., As mentioned above,

and

) e s R G g L

-Y _IN -
we save the term e ¥ Y“ 2)/(N -2) ! in calculating 0 1(0- Y),

"
" raih 1

this is used for the first term, The program is shown in F1g. 6, and FORTRAN

¥

Ll pet

ver sions for ¢ = 10 -6 and 10.12 are given in Appendix A,
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118-4-16642

N 1
SUM~-0

EXP = ——

-—T——(N~2)ln<]+_‘ )
1+X,,/2 X /2

C ._e-EXP [' _ N.-—Z + I ]
/ +
X/2 1 XN/Z

—)]

-
ON-I\ 1+
XN/2

C :e¢/10
SUM ~C [l

<

SUM « SUM + OPN~1 (0,Y)
Z ~ YMO (frem OPN-I pregrom)
1

P-~SUM+Z-Y- —_—
l+xNﬂ

et £ XUT

Y :E

1+ X/2
P+-0 + EXIT
.Y
poe 1152 (, . (x/i)v 2) | EXIT
(1 +X/2)

Fig. 6. Program for Swerling, Case 3.
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3.5 Case 4:

Equation (2, 7) is manipulated by interchanging the order of

2 summation
to obtain
Y y \m
3 - 1 N|& - = m-N o X k
PNt'X.Y)=1-( ) 2: e 1+X/2\1 +X/2 Z LHES
1+X/2 - m! k! !
5 I\ N %\« 1
wTIN £ KTIN-KT
o
2N-1 -1 ( o
N N X
=1-( 1 E: e 1+%/2 1+x/z) Z N'g;)
1 +X/ oy £l - k)!
N - —X Y @
c +(1 +§) E e 1+X/2 1 +X/2
4 2 m!
3 m=2N
m
2N-1 -_Y Y m-N k ‘
2: . 14X (1+i(z> k'Nf : Y/Z) 1\
e m! AR SRRV A !

1+3(¥/z (_lifﬁ)m{l-nzl;y e ; k( . )N-k '
, 14X/2

m! k! (N-k)\1 4%/ X/

4 K o Tl

x=dJ

(3.21)

abhtay o N MO A bR e

24

H
£
?
-
5
E
X
z
£




AR P !

[T

W > -

P m———

There are two cases in which we can simplify tle calculation of 4PN(Y, Y).

The first is the case where Y/(1 + X/2) is small enough, relative to N, that

OPN ( '3 +Y z) is within e of 1, and we set 4PN(X’ Y) to 1 ignoring the second

term, The second case is when

— is so large, relative to N, that
1+ X/2

m
2N-1 - —L ( Y
Z . 1+%/2 1+x£z) e

m!

m=0

and we can set 4PN(f, Y) to zero, This translates into a test of the form

2N-1<K( Y (3. 22)
€\l +X/2

where Ke( Y ) the same function as in Eq. (3, 8) and depends one. The

1 +X/

program for 4PN(§' Y) is shown in Fig. 7, and FORTRAN versions for ¢ = 10°6

and 1071% are given in Appendix A,
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A0 ) i ot Do

XN =N in(1 +X/2)
VRS

1+X/2
SUM "OPN(O,V)
VM = YMO [from o
1-SUM : ¢
P—1 - EXIT ;
2N-1: KC(Y) .
P—0 -+ EXi7
M+—=N-1
XN : E
-X
ZK ~e N
ZKS - ZK

Z-X/2
M:2N-1 >
M-=M+1

VM ~VM - V/M

SUM < SUM + VM (1 - ZKS)
. _2N-M

ZK ZK-Z-(M_N+])

ZKS = ZKS + ZK —
P - SUM - EXIT
M=M+1

XN <= XN = InX/2 - In(
XN : E
ZK —e

e ——
i

ontinfliby WA o b bt e e

Py (0 V)]

A

g L S, s kot W o o B

L |

3 i 13 By iy ke v i v

Pl

1YY

2N-M )
M-N=+1

At P w0 0, i R e i o e o

XN

i1

VM = VM - V/M L
SUM + SUM + VM §
_ f Fig. 7. Program for Swerling, Case 4. }. <
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SECTION 4

APPROXIMATION FOR CASE 5, LOG-NORMAL FLUCTUATIOM

T

T Ey o

In this section an approximation is presented for SPN()—{’ Y,p). Kramer

et al., [Ref, 12] suggested in their Appendix B that for N =1, SPN(X. Y.p)

ST A

can b: approximated by

sl

i

S G

P

In(l)
P XY, p) = g erfc| M (4.1)
J2o

T
T A

where

i ’w it '11“\1‘“"‘ i

2
erfc (X)=1 - 2= et at

\’17 O

T

A

is the complementary error function. No mention of accuracy is given, and

s A

it became apparent that it is dependent mainly on the parameters Y, X, and p,

h

A, D 0 o i B s ot 8 g 3

U

the accuracy deteriorating if Y is large or if 3(/;:)3 is near Y.

e mm.,.“..num..v.vmw.m;mmmmM‘;‘.MM!‘4‘.q‘.?Mwdﬁmeﬁ.'rmwwﬂwmmwwm?&mww.wmw Al e

= We will generalize the result for any N and consider the accuracy
; i problem. One way of looking at the approximation is to consider that we have §
X 27
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s R

replaced 0PN(ff, Y) by zero for X less than some X 1’ and by one for X greater

then Xl. Then,
oo
sPptX Y.p) = Px(x|X,p) dx=I(X,) .
X
1
If we define Il(xl) and Iz(Xl) as
X
1
(X)) = 0P Y) Py(x| X, p) dx
0
and
0
xl

then our error, ES’ is

Eg =L (X)) - (X))

28

(4. 2)

(4. 3)

4. 4)

(4.5)
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OPN(X’ Y) is monotonic increasing in X from zero to one and, since we

are approximating this function by zero for X <X1 and by one for X <X 1’
we want

_1
oPnXp¥) =% . (4. 6)

NX 1 would then be the median of the distributicn density

11 P s B bl s o4 B e 4 e e AT et ANt

> N
Ym m =

- Z : -Y ~X x
m=N

L s
e b i e

but would algo be very cumbersome to determine. Instead, we use the mean

of Eq. (4.7) for NX
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e T T I I S e R L A AR R S

ST

Y for N=1 i
N-
v Zz g™ N - 1) )
- - - >
Y-(N-1)+e (N-1)Y - +(N-2)'. for N =2
m=0
Y for N=1

N

-Y Y
[Y‘(N'l)][l-PFA]"’e m for N 22

{4.8)
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where PF A the probability of false alarm, is defined by Equation (5. 1).

-
SRl

When PF A is very small, which is usually the case, we can ignore it as well

as the term

e e g
ity %e A

Y ¥
i (N - 1)

and obtain as our value for X 1

= Y-(N-1)
Xl————ﬁ——-—— . (4.9)
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NX, is near the median and it is shown in Appendix C that OPN( Y-(N-1) Y)
approaches 1/2 as Y approaches infinity; i.e., as Y— o, NX, becomes the

B e oo S ———————_ . )
. ' 3
- G 4w Sk

R

s i L

t d v .

median, Using Eq. (4.9), the generalization of Eq, (4. 1) becomes

/'nY-(N- 1))

SP\I(—X-, Y; p) =1 (—Y-—-—{\—IN_-.—I.)) = _i, erfe \ NM
h ‘120- f
(4. 10)

Since our approximation

W e e R

‘()for X<X—.__(1\TN-_1)

oPp(%: ¥) = (4.11)

Ilfor X>Y'NN'1

improves rapidly with increasing N, then our approximation for SPN()?, Y.p)

= improves rapidly with increasing N, The worst case is, therefore, for

N=1.

“r

= W& now consider the error in this approximatiocn. We have

SPN(?,Y, p) = I(X,) +1,{X,) - I(X,) (4. 12)

R R

and, with X1 chosen as in Eq, (4.9), I1 and I2 are not only small for most

Py

parameter values but also abuvut equal and tend to cancel out each other. For

Wy

most cases we have

TR B He T TR RE TG o e e

T AP 0N vt SRS S P o e G S s LR LA

| Y - (N-1) Y - (N - 1)

: § —_—} —_— )

4 11( N I, N < 0,005 | (4. 13)
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For small Y (<10) and/or large N, I, and I, are very small; but for large Y

and small N an accuracy of at least .005 relies on Il and Iz cancelling,

Since the functions OPN(X. ¥)inl and [1 - oPniX y)lin L, are
reagonably symmetric about X-:T\(Iu we will have good cancellation
provided that py (X, - 5]|X, p) does notdiffer too greatly from Py (X, + 81X, p)

for small 6. py(x,p) reaches a peak at x = 'X/p3 of

2
— 3 —
Py (X/p°|X,p) s —L p——— (4. 14)
X 2vmfnp X

and if this peak is high, it must be a sgiked function since the area under
px(xl?, p) is unity. Therefore, if the peak is large and X| ps near X,, then

I1 and I2 are not likely to cancel, TLis combination of circumstances, however,
is usually of little interest because the peak in Eq, (4. 14) is large only if p

is very near 1 or larger than 15, In the first case this corresponds to a nearly
constant cross section, and case zero is more appropriate than case 5, and

for the latter, 3(_/ p3 is small and is near Xl only for very large P In that

FA”
case, the terms that were dropped in Eq. (4. 8) are no longer negligible, and

Eq. {4.9) can not reasonably be used for specifying Xl’
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SECTION 5

bt e

THRESHOLD LEVEL

‘( “» L

The threshold level, ¥, is related to the probability of false alarm,

Pppr bY

G e gt Bl b

bt

ipphdiat ftins L.

N-1 m
D 4 E Y -
PFA = e -rr—T!— = OPN(O; Y) (5. l)
m=0

BT

where N is the number of incoherent integrations. DeLong and Hofstetter
[Ref. 13] suggest solving for Y in Eq. {5, 1) for a given Pra by solving for
the root of £{(Y) where

fl(Y)=-o—PNm). (-N—_r)-!- e (5. 3)

It 05 b 1 o ) A AL o A A E e K T S R RN AR




oPx(0: ¥y)

iIn B
Y =Yyt FA
e By N linoay

oPn(0: Yi) 3

(5. 4)

where, since lf'(Y)I < 1, Yk converges to the root of f(Y). A FORTRAN

W R

coding (see Appendix A) using OPN(X’ Y), in which starting values for Y are
determined by

TRraxy
il

1.15 !

N-15. 2108, Py N <40 !

Y0= (505) i
N - 8 log, Pp, N = 40

The underflow-overflow technique used in the program for case 0 (Eq. (3.13))

is employed here also. The convergence was very rapid, usually requiring

opnly three or four iterations before the Y and Yk +1 differed by less than
10-12

For very large N, a relative error of 10”12 can be maintained. but

the absolute may exceed 10-12 due to round-off errors. For a small absolute

error requirement and large N, the Yk(s) can cscillate between two values

of Y instead of converging,

1ig L 0
Q) R
-,
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SECTION 6

GENERALIZED FORMULATION

The results of Cases 0 to 4 have been generalized and the notation
unified by Swerling [Refs. 15, 1€] by the introduction of parameter K. If
the chi-square distribution is generalized to a gamma distribution with

parameters K and X

then

0<K<l corresponds to Weinstock Case [Ref. 9]

K= corregponds to Case 1

K= w2 responds to Case 3
K=N corresponds to Case 2
K= 2N corresponds to Case 4

K=« corresponds to Case 0
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The probability of detection [Ref. 16] becomes

2 % N-1+b
% - 1 r(K+b) { K \¥/ Xy VP v Y™
PN(Xo Y»K) = Fi I‘(K) — — € —
b0 K+ Xy \K+Xy ) m!
(6.1)
and Eq. (6. 1) can be manipuiated as was Eq. (2. 3) to obtain
- — b )
X
N-1 ® m-N N
- ) Y™, S8 4l (K+b-1)! / 1 \B| &
AR DI DR EDI - g X
m=0 m=N b=0 LN |\ IN
K K
J
(6.2)

A program to evaluate Eq. (6. 2) to within an accuracy ¢ is given in Fig, 8.
This program can be modified so as {0 eliminate underflow-overflow problems
as before by combining elements of Figs. 4 and 8 so that the variable K is

introduced and the quantities

K X
1__ and -———-——_N %1
L XN 1+ XN/K
K

-X - X
replace e N and e NA(, respectively, in Fig. 4,
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i This formulatior. of PD is not as efficient for calculation purposes as

st

is the special expression derived for Cases 0-4,
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r—m———s - e T— — T o galey, s e S N Y SN T S
ne s e SRS NS e X S S e e o I e £ =

18-4-16644 " |
MX :

START NX

ZK1 - ZK -1

3 XE - ( ] )ZK
: NX
= 1+ 7K

XBS ~ X8
M+0

YM~eY
- YMS - YM
- M:N-=-1
M+-=M+]
YM=YM-Y/M
i YMS ~ YMS + YM 5
i (T —YMS) ¢ €
P
YMO -0 — EXIT
SUM <= YMS
B—=B+1
M<=M+1
ZK1 = ZK1 + 1
YM-YM.Y/M
YMS = YMS + YM
SUM + SUM + YM(1 - XBS)
XB+=Xp-V.2ZK|/B
5 XBS - XBS + XB
= (1-YMS)(1-XBS) : ¢
. P = SUM
! YMO <= YM ~EXIT
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SECTION 7 3

CONCLUSIONS

Highly efficient and accurate algorithms have been presented for j

calculating the probability of detection for Marcum (Case 0) and Swerling :

e (Cases 1 through 4) models., Tests and reformulations are included to avoid
7 | the underflow-overflow problem usually encountered for large parameter E
. values, i
f A simple approximation has been provided for the case in which the j
radar cross section is constant with a scan but fluctuates log-normally from

scan to scan. The accuracy is limited but will suffice for most applications. i
Guidelines as to which parameter combinations might pose an accuracy prob-
lem were given, :
3 An efficient algorithm for determining the threshold level Y for a given ‘,
PF A has also been included.
Finally, with P, = 10-6, Figs. 9, 10, and 11 compared P_(s) for b
FA D ,
several of the cases for N =1, 10, and 100,respectively, Case 4 curves, f E
= : j;
f omitted on Figs. 10 and 11, lie between Case 2 and Case 0, For Case 5, g
S
p = 1.5 is used throughout, §
= %
* i
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APPENDIX A

FORTRAN PROGRAMS

In this Appendix, FORTRAN versions of the programs to evaluate the
probabilities for cases 0-4 for ¢ = 107 and ¢ = 10712 are given, In addition,
a program to determine the threshold for a given PF A is given,

6

The subroutine program for OPN(-}?, Y) is titled, withe = 10~
-12
PNXYS(N, X, Y,P, YMO) and, withe = 10 1", PNXYT(N, X,Y,P, YMO) where

N = number of incoherently integrated pulses

average single-pulse signal-to-noise ratio

threshold level

W o< R
"

oPn(%: ¥)

YMO=e Y _’LN__._i
(N - 1)!

N, X, Y, are inputs; P and YMO are outputs. The output YMO is included
since other programs calling on OPN(X’ Y) have use for it,

Subroutine programs for Swerling (Cases 1-4, are given in a single
program with four entry points. The titles for the four cases, with 10-6, are
SSWCI1(N, XBAR, Y, P), SSWC2(N, XBAR, Y,P), SSWC3(N, XBAR, Y, P) and
SSWC4(N, XBAR, Y, P), respectively, and thcse fore = 10.12 are entitled
TSWCI1(N, XBAR, Y, P), TSWCZ(N, XBAR, Y, ?), TSWC3{N.XBAR, Y, P) and
TSW4(N, XBAR, Y,P). In all cases we have
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§ N = number of incoherently integrated pulses
XBAR = average single-pulse signal-to-noise ratio
Y = threshold level

P = probability of detection,

A subroutine entitled PREAM (X, CE, X1, X2, X3, X4, XK, INDj is

included as it is called by OPN(X, Y) and OPN(X » Y)., It evaluates the functions
KE(X) and Me(Y) and

X = the value of Xor Y

CE = the corresponding Ce of (B:11)

X1 =18 or 34 for KG(X), and 40 or 80 for M€(Y)
X2 =150 or 175 for KE(X)

+ 3 X3 =0,.75 or 0, 8 for KE(X), and 1,3 or 1. 28 for Mﬁ(Y)
X4 =

20 or 55 for Ke(X), and 24 or 52 for M (Y)

IND is a flag, if IND = 2, the routine calculator ME(Y),
otherwise KG(X)

XK = output, either KC(X) or MG(Y)

————

Finally, the subroutine program THRESH (N, TOL, PFA, Y1 is used

to determine the threshold Y1 in ac-zordance with Eqs. (5.4) and (5. 5) where

.rw..muw:“&"rmrm.m‘.mmwmm!ﬂWm.nwhfw‘mm»\m&h&hmw.mnlwmbmw.nmw@m«ﬂ iy b

N

number of incoherently integrated pulses

TOL

tolerance, i. e, , acceptable difference between YK +1 and

Attt GRN A P a0

E Yk for termination of the iterative process

cn o  ap—————

PF A” input false alarm probability

Y1 = output threshold value,

1 Gl R B A0 L SRR

A table of values (Table A-I) is included for the purpose of checking out

the programs,
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USERID MASR CLASS A NAME PNXYS FORTRAN 0z714/75 12028023
OREAD PNXYS FORTRAN Al MASR 8726/74 14010
SUBROUTINE PNXYS(NyXsYoP,YMO)
= IMPLICET REAL®$B(A-H,0-2)
E DATA EoEPSILN/175.D051.D-6/
38 X=DFLOAT (N) *X

CALL PREAMB(X)16.12D0418.D09150.D04+75D0320.D00+EKXs1)}

CALL PREAMB(Y+16.12D0540.00440.D0041.300,24.D0+EKY2)
IF(DFLOATIN).LE.ErY-EXX)60 TO 300

P=1.00
, YM0=0.00 A
' RETURN =
; 300 $B=N-1 3
‘ K=0 =
. IF{X.GT.E}GO TO 10 5
; XK=DEXP(-X) £
: 5 XKS=XK Z
) M=0 =
IF(Y.5Y.E}GD TO 20 <
YH=DEXP(-Y) E
70 YMS=YM Z
40 IF(M.EQ.IB)GD *0 30 - Z
M=Me ]l jf
FN=YMSY/FLOAT (M) N
YMS=YMS+YM 5
IF(EPSILN.LE.1.DO-YMSIGD TO 40 3
P=YMS 3
YMO=YM E
X=X/DFLOAT(N) 4
RETURN E
30 SUM=YMS Z
I YMO=YM
= 60 K=K+l
. M=+l £
e YM=YM*Y/FLOAT (M) E
B YMS=YMS+YN .
= 91 SUM=SUM+YM*(1.00-XKS ) =
= XK=XK*X/FLOAT{K) d
= XKS=XKS+XK
= ANS={1.D0-YMS)*{1.D0-XKS)
=2 IF(ANS.GT.EPSILNIGO 1O 60
= 5D P=SUM
- X=X/DFLOAT(N)
Z N RETURN
= | 20 YMLY=0.00
= YLOG=0LOG(Y)
e 600 M=M+1
. XMF=DLOG{DFLOAT(NK)) -
- YMLY=YMLY+YLOG~XMF F:
S IF{Y-YNLY.GT.E)GO TO 600 3
E YM=DEXP{-Y+YMLY) -
I IFIM.LE.IBIGO TO 70 g
E ; YMO=0. 3
‘ H YMS=YM %
I SUM=0.D0 3
E % 46 3
=3 4 2
= i =
=E
E




KD=M~-N
IF(DFLOAT(KD).L7.X)GO TO 80
P=0.D0
X=X/DFLOAT(N)
RETURN
80 K=K+1
XK=XK*X/FLOAT(K)
XKS=XKS+XK
IF(K-KD)80,90,90
90 K=K+1
G0 70 91

e 10 XKLX=0.D0

F: XLOG=DLOG(X)

210 K=K+1
XKF=DLOG(DFLOAT(K))
XKLX=XKLX+XLOG~XKF
IF(X-XKLX.GT.E)GD TO 210
XK=DEXP(-X+XKLX)
IB=18+K

= GO T0 5

END

£

g
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USERID MASR
OREAD PNXYT

300

21

20

600

CLASS A NAME PNXYT
FORTRAN Al MASR
SUBRGUTINE PNXYT{N¢XyY4P,YHO]
IMPLICIT REAL*8{A-Hz0-2)

DATA E,EPSILN/175.D0,1.0-127
X=DFLOAT (N) *X

FORTRAN

8728714

02714775 12028039
14011

CALL PREAMB(X+204D0934.D0+275.009.800955,D0,EKX1)
CALL PREAMB(Y,30.00,80.00,80.00+1.2800,52,D0,EKY;s2}

IF(DFLOAT(N).LE.EKY-EKX)}GO T0 300
P=1.D0

YMO=0.D0

RETURN

IB=N-1

K=0

IF(X.6Y.E)GO YO 10
XK=DEXP(~X)

XKS=XK

M=0

IF(Y.GTL.E)GO 0 20
YM=CEXP(-Y)

YHS=YM

IF(M.EQ.IB)GOD TO 20
M=M+]

YM=YMSY/FLOAT(M)
YMS=YH3+YH
TF(EPSILN.LEA1.D0~-YMS)IGOD TO 40
P=YMS

YMO=YM

X=X/DFLOAT(N)

RETURN

SUM=YMS

YMO=YM

K=K+l

H=M+1

YM=YHMSY/FLOAT (M)
YHS=YMS+YM
SUM=SUM+Y#M%({]1,.D0-XKS)
XKK=XK*X/FLOAT(K)}
XKS=XKS+XK
ANS={1.D0-YMS)*(1.D0-XKS)
IF(ANS.GT.EPSILNIGO TO 60
P=SUM

X=X/DFLOAT(N)

RETURN

YMLY=0.D0

YLOG=DLOG(Y}

M=M+1
XMF=DLOG(DFLOAT(M))
YHMLY=YMLY+YLOG-XMF
IF(Y-YMLY.GT.E)GO TO 600
YM=DEXP(~Y+YMLY)
IF(M.LE.IBIGO TO 70
Y#0=0.
YMS=YM
SUM=0.D0
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10

80

90

210

KD=M-N

IF(DFLOAT(KD).LT.X)GO TO 80

P=0.00
X=X/DFLOAT(N)
RETURN

K=K¢]
XK=XK*X/FLOAT(K)
XKS=XKS+XK
IF{K-~KD)80,90,90
K=X+1

GG 10 21

XKLX=0.50
XLOG=PLOG(X)

K=K+1
XKF=1LOGIDFLOAT(K))
XKLX=XKLX+XLOG~XKF

IF(X-XKLX<GT.E)GO TO 210

XK=DEXP(-X+XKLX)
1B=1B+K

GO T0 5

END
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!
USERID MASR CLLA3S A NAME SSCASE FORTRAN 02/714/715 12029024 !
CREAD SSCASE FORTRAN Al MASR 8/22/74 12049 !
SUBROUTINE SSWCL{N,XBAR,Y,P)
IMFLICIY REAL$B{A-H,0~21} i
DATA E,EPSIIN/175.D041.D-6/ !
XBAR=DFLOAT (N} *XBAR
CONST=Y/{1.DO+XBAR)
IFINJ.GTL1)60 TO 5
IF{CONST.GT.E}GD TO 6
P=DEXP(-CONST)
GO Y0 190
6 P=0.D0
60 10 100
S SUM=0.00
EX=CONST~DFLOAT(N~-1)*DLOG(1.D0+1.D0/XBAR}
IF(EX.GE.30.D0)G0 TO 10
CALL PNXYS{N-190.D0,Y/(1a¢1./XBAR) o¥ryYSUK)
SUM={1.D0~-PP}*DEXP(-EX)
10 CALL PNXYS(N-150.D0,Y,P1l,YSUM}
P=SUM+P]
100 XBAR=XBAR/GFLOAT{N)
RETURN
ENTRY SSWZZ(NyXBAR,Y,P)
CONST=Y/(1.D0¢XBAR)
CALL PNXYS(NyO«DOyCONST4P4YSUM)
RETURN
ENTRY SSWC3(N,XBAR,Y,P)
XBAR=DFLOAT{N)®XBAR
C3=1.00+XBAR/2.00
CONST=Y/C3
C2+1.D042.D0/XBAR
IF(N.EQ.1)G0 TO 20
SUK=0.D0
EX=CONST-DFLOAT{(N~-2)*DLOG(L2)
C=GEXPI-EX)*{1.D0-2.DO*DFLOAT(ti~2) /XBAR+Y/C3)
IF{C.LE.EPSILN)GO TO 200
CALL PNXYS(N-1,0.D0,Y/C24P1,¥SUM)
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E ; 200 CALL PNXYS{N-1,0.D00,Y5P2,YSUM) :
2 : SUM=SUM+P2 !
= . P=SUM+YSUM*1.D0/C3*Y
! GO 1O 250
] 20 IF(CONST.LT.EIGO TO 23
P=0.D0
GO TO 250

[
NIy

21 P=DEXPI~CONST)*{1.D0O+XBAR/(2.D0%C3)3Y/(C3) :
250  XBAR=XBAR/DFLOAT(N) E

RETURN ©od

) ENTRY SSHWCG{N,XBARsY,P)

: €3=1.D0+XBAR/2.D0

’ XN=DFLOAT (N}*DLOG(C3)

. CONST=Y/C3

% CAHLL PNXYS(Ny0.DO,CONST,SUM,YSUM) ]

. 1¢(1.00-SUNLGT.EPSILN)IGG TO 30
P=1.00
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GO T0 300
30 CALL PREAMB(CONST16.12D0418.004150.00,.75D0,2C.D04EKY,1)
IF(OFLOAT(2#N-1).GE.EKY)GO TG 31
P=0.00
60 T0 300
31 M=N-1
IF({XN.GT.E}GO 10 40
2X=DEXF(~-XN)
51 IKS=ZK
Zz=XBAR/2.D0
42 IF(M.EQ.23N-1)G0 TO 41
M=pNel
YSUM=YSUMCONST/DFLOAT(M)
SUM=SUM+YSUM®(1.D0-ZKS)
IK=ZK*2#(2.D0*DFLOAT(N)-DFLOAT(M) )/ (DOFLOAT(M)~DFLOAT(N}+1.09)

IKS=ZKS+ZK |
GO 70 42 :
41 P=SUM b
e 300 RETURN 0
= 40 M=M+]
“ XN=XN-DLOG(XBAR/2.D00)~DLOG(2.D0¢DFLCAT(N)-DFLOAT (M) )}/ (DFLOAT(M)-DF
! LLOATI{N)+1)
53 T IF(XN.GT.E)GO TO SO
= . ZK=DEXP(-XN)
= . GO T0 S1
E: ; S0 YSUM=YSUM®CONST/OFLOAT(M)
5 . SUN=SUM+YSUM
A ' GO TO 40
t END
=g H
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USERID MASR CLASS A NAME TSCASE FORTRAN 02/14/75 12029042

OREAD TSCASE FORTRAN Al MASR 8/29/74 11014
SUBROUT INE TSWC1{(N,XBAR,Y,P)
IMPLICIT REAL#$8(A-H,0-1)
DATA ELEPSILN/175.00,1.D-12/
XBAR=DFLOAT (N) #XBAR
CONST=Y/(1.00+XBAR)
IF(N.GT.2)GD TO 5
IFICONST.GT.E)GO TO 6
P=DEXP(-CONST)
60 10 100
6 P=0.00
60 10 100 .
5 SUM=0.00 Tk
EX=CONST-DFLOAT(N-1)%DLOG{1.00+1.D0/XBAR) ;
IF(EX.GE.30.00)G0 TO 10
CALL PNXYT(N-190.00,Y/(1.41./XBAR}),PP+YSUM)
SUM=(1.D00-PP)*DEXP{-EX)
10 CALL PNXYT{N-1,0.D0,Y,Pl,YSUM)
P=SUM+P1
100 XBAR=XBAR/DFLOAT(N)}
RETURN
ENTRY TSWC2{N.XBAR,Y,P)
CONST=Y/7(1.D0+XBAK)
CALL PNXYT{Ns0.DO,CONST,P,YSUM)
RETURN
ENTRY TSWC3(NyXBAR,Y,P)
XBAR=DFLOAT (N) YBAR
€3=1.D0+XBAR/2.D0
CONST=Y/C3
€2~1.00+2.D0/XBAR
IF(N.EQ.1160 TO 20
SUM=C,. D0
EX=CONST-DFLOAT(N-2)*DLOG(C2)
C=DEXP(-EXi%(1.00-2.D0%DFLOAT(N-2)/XBAR+Y/(C3)
IF(C.LE.EPSILNIGO TO 200
CALL PNXYT(N-1,0.D0,Y/C2,P1,YSUNK)
SUM=C#(1.D0-P1)
200 CALL PRXYT(N-1,0.D0,Y,P2,YSUN)
SUM=SUM+P2
P=SUM+YSUM®*1,.00/C38Y
GO TO 250
= 20 IF(CONST.LT.EIGO TO 21
P=0.00
GO T0 250
21 P=DEXP{-CONST)*(1.D0+XBAR/(2.D0%C3)*Y/C3])
250 XBAR=XBAR/DFLOAT(N)
RETURN
ENTRY TSWC4({NsXBAR,Y,P)
£3=1.D0¢XB3AR/2.D0
XN=DFLOAT(N}*DLOG(C3)
CONST=Y/C3 i
i CALL PNXYT(N,0.DO,CONST,SUM, YSUM) :
) IF(1.D0-SUM.GT.EPSILNIGD TO 30 )
P=1.D0
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GO 70 300
30 CALL PREAMBICONST,30.D0¢34.D09175.009.8D0455.D045EKY,1}
IFIDFLOAT(28N~1).GE.EKY)GO 10O 31
P=0,00
GO T0 300
31 M=N-1
IFIXN.GT.E}GO TO 40
IK=DEXP{—-XNj}
51 IKS=ZK
1=XBAR/2.D0
42 IF(M,EQ.2*N-1)G0 TO 41
M=p+]
YSUM=YSUMSCONST/DFLOAT (M)
SUM=SUM+YSUNM®(1.D0-2KS}
IK=2K*2%(2.DOSDFLOAT(N)-DOFLOAT(M) )/ (DFLOAT{(M)-DFLOAT(N)+1.D0)
IF(MOD(M,9).NE.O)GO TG 47
WRITE(6,48)2K
48 FORMAT(1X,*2K=?,015.8)
IKS=IKS+ZK
60 TO 42
41 P=SUM
RETURN
40 M=M+e}
XN=XN-DLOG( XBAR/2,00)~-DLOG(2.DO*DFLOAT(N)-DFLOAT (M) ) /(DFLOAT(M)-DF
1LOAT(N)+1)
IF{XN.GT.E)}GO TO 59
IK=DEXP(-XN)
GO 70 51
50 YSUM=YSUM®CONST/DFLOAT(M}
SUM=SUM+YSUM
GO TO 40
END
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USERID MASR CLASS A NAME PREAMB FORTRAN
OREAD PREAMB  FORTRAN Al MASR 8/720/74 15016

20

SUBROUTINE PREAMB{XoCE9sX1yX29X3yXéyeXKyIND)
IMPLICIY REALSB(A-H,0-1)

DATA TWOP1/6.2831853D0/
IF(IND.EQ.2)G0 TO 20
IF{X.6Y7.X1160 1O 1

XK=0,00

RETURN
IF(XoGTeX1eAND XL TLX2)GO TO 21
XK=X3*X~-X4

RETURN

CONST=~1.00
XK=X+CONST*DSQRT(CE*X)
FX=X-XK+XK*OLOGIXK/X)+.5*DLOG(TWOPI *XK)-CE
FXP=DLOG(XK/X)+,500/XK
XK1=XK~-FX/FXP
IF(DABS{XK1-XK}eLTeo« 1DO)RETURN
XK=XK1

GO 10 5

CONST=1.D0

IF{X.LTX1)GO T0O 2

XK=X3eX+X4

RETURN

END
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30
212

21
110

20

10

11

1000

100
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USERID MASR

Ay A T 1
S = —

e e P

CLASS A NAME THRES FORTRAN
THRES FORTRAN Al HMASR 8722/74 15025
SUBROUTINE THRESH(N,TGL,PFA,Y1)

IMPLICIT REAL®*8(A-H,0-2)

DATA E/175.00/

PLOG=DLOG10O(PFA)

XPFA=1.D00/PFA

IF{N.GE.40.D0)GO TO 30

Y=DFLOAT(N)#%],.15-2.D0¢PLOG

GO T0 31

Y=DFLOAT(N)-8.D0*PLCG
IF(Y.GT.EYGO TO 10
M=0

YLX=0.D0

YLOG=DLOG(Y)
TSUM=DEXP(-Y}
IF(M.EQ.N-11G0 TO 20
M=M+1
SUMK=DLOG(DFLOAT(M})
YEX=YLX+YLOG-SUMK
TSUM=TSUM+DEXP(~Y+YLX])
GO Y0 21
Y1=Y+DLOG(XPFA*TSUM) ¢TSUM/DEXP(-Y+YLX)
IF(DABS(Y1~Y).LE.TOLIRETURN
Y=Y1

GO Y0 31

M=0

YLX=0.00

YLOG=DLOG(Y)

MzKe)
SUMK=DLOG(DFLOAT(M))
YLX=YLX+YLOG-SUMK
IF(Y-YLX.GTL.E}GO TO 11
TSUM=DEXP(~YeYLX)
IF(M-N+11110,20,20

END

IMPLICIT REAL®8(A-G,0-27)
READ(S, )N, TOL+PFA, IEND
CALL THRESH(N,TOL+PFA,Y)
WRITE(6,100)Y
FORMAT(1X,°'Y=?4,015.8)
IF(IEND.EQ.O)RETURN

GO T0O 1000

END

n
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APPENDIX B

DETERMINATION OF THE FUNCTIONS Ke(X) AND MG(Y)

The function, KC(X ), is defined to have the propex>ty that for all integers
K such that

K < Ke(X) (B. 1)

then

Z e X =< (B. 2)

KC(X) = 0 denotes that the sum is empty,

M( (Y) is defined to have the property that for ail integers N such
that

N =z MC(Y) (B. 3)
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N-1 v y™
e — >1-¢/2 (B. 4)
m!
m=0

or equivalently

4 \ = m

‘Y Y

2 E e —rn! < (/2 . (Bo 5)
m=N

3 Using the square bracket notation to mean the largest integer less than or

:; equal to the quantity in the bracket, then ideally, we should determine Ke(X )

such that [KG(X)] is the minimum integer for which Eq. (B. 2) is true, and

.: [;\-I' (Y)] is the maximum integer for which Eq. (B. 4) is true; it is of little

practical significance to have the exact values. Values close to their mini-

mum and maximum:, respectively, are much easier to derive,

; In order to derive a useful KC(X), we begin by noting that

K

E: E X_ = ')‘X {1+_.~1—_—_—__K(K + .+ EL .
3 k=0 £
3 K 2 K]
4 se XX 1+ E (KB L 4K 2
3 K: X X
L K K+l :
= - .~X X, :
3 =€ K? z
7 1 - X :
X :
x X 1

E <e k K (B. 6)

2 2K (2

) X
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where Sterling's approximation has been used for K!. If we restrict, for

example, K/X < 4/5, then Eq. (B. 6) indicates that Eq. (B. 2) is satisfied if

x <K
K
2nk X
[

Se < ¢/2 (B.7)

or equivalently

K, 61
(x K+Kn +4 InZ'nK)

e < €/10 . (B.8)

For¢ = 10'6 we have

(B.9)

and fore = 10

ﬁ > e (B. 10)

so that if we solve

ES
=
=z
=
=
=4
%
=
=
=
=
=
-
=
=
B
=
=
=
E=
=
=
e
E
=
=
*
=z
=
3
=
<3
E]
E
=
=
=
<3
=
H
H
*

[ S——.

: K 1 :
o ,€) = - + — - - = E]
b fX(K e)=X-K+Kign X + 3 fn 27K C€ 0 (B.11)
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for K, where

16, 12 fore= 1()"6

30,0  fore= 10"12

the solution can be used for K (X) provided % is less than 4/5. The Newton-

Raphson iteration technique to solve Eg, (B.11) is

£ (K 35)
XY'n
K =K - B. 12}
+1 [} ( . V4
n n fX(Kn,e)
where

fI(K_,¢) = ln(—n)+—i . (B.13)
X''n X ZKn

The initial value for K is obtained for Eq, (B. 11) by approximating £nZ by

Z - 1 and ignoring the term% £n2n K, Eq. (B. 11) then becomes

K C =
X K+K(f 1) < (]

or

KZ~2XK+X2-C€X=€:

-

A DA Y e B i W
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Solving for K

K=xifx2-x2+csx=xi cX . (B. 14)

Since we desire the smaller of the twc roots of fx(C.e), we choose the negative

sign for K 0

KU =X - /cex . (B. 15)

In Table B-I, empirically determined values of K, for which Eq. (B. 2}

is satisfied, are given for ¢ = ].0-6 and ¢ = 10‘12

.

Table B-I

60 z5 i00 37

100 54 150 70

150 93 175 88

. 200 | 134 200 | 107
250 | 176 300 | 184

300 § 218 350 | 224

400 } 265

500 | 348

600 | 433

700 | 519

;3
. §
%

L

! ummmzum‘mmzmm

i
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From this table we have, with ¢ = 10-6, that for X = 300, then g < _2_(13% =
0.727 < 0,8; and withe = 10712, that for X =700, then e 3_'*%= 0.741 < 0, 8,
For these values of X we can use A
Ké(X) = root of f(K,¢) . (B. 16) 3
For larger values of X, we need another expression, By curve fitting, we '
obtain for K (X)
K_(X) = 0.75X - 20 (B. 17)
for X >150, Since Eq. (B. 17) is much more simple than Eq. (B. 16), we use
it down to X >150. For ¢ = 10" 1%, we similarly obtain

K€(X) =0.8 X - 55 (B. 18)

)

v AL G AR otk s B A 0 A O b Sl Y

for X > 175. For X < 18 with ¢ = 10" and for X <34 with e = 10”12, we set

K,-(X) to zero, Summarizing our results we have

0 for X < 34
K _,{X) = { root of f(K, 10°%) for 18 = X < 150 (B. 19)
10
0.75 X - 20 for 150 < X
61
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Y for X < 34

K _1p(X)= { root of f(K, 10°'%) for 34 X <175. (B.23) 3
10 :

0.8 X -55 for 175 < X *

ME(Y) is dealt with in a similar manner to that of K (X). If N > Me(Y)’ : f
then Y/N < 1, we nave ] #

e T e Y ..
N+1 (N+1}(N+2)

T T LA TR L P S R 2R R P AT Ul TRz

¢ N s ¢f2 (B. 22)

i 34
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e

ther Eqs. (B.4) and (B.5) are satisfied, If Y/N < 4/5, then

N

5 e-Y Y N s ¢f2
: /znr¢(§)

e

or equivalently
E 1
= - - IT + y ) - '
. [Y ¢+ Nn(N/X) + = fn ZrK] < ¢/10 (B. 23)
E- which reduces as in Eq. (B.11) to
. £ N, €)= 0 . (B. 24)

An empirically determined table of values of Me(Y) are given in Table B-IIL

Table B-II 2
e=10 6 €= 10-1‘ g
Y N Y N 3
1 11 1 15 5
10 30 10 4] z
20 46 20 60
40 | 76 40 | 94
50 89 80 | 153
30 | 129 100 | 180
3 100 | 154 175 | 278
3 150 1 218 250 } 372
3 400 | 554 :
- 63
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the smaller,

expression

we use

and

=

Although Eq. (B. 24) is the same as Eq. (B. 11) exzept that we have replaced
X by Y and K by N, we are not looking for the s2me root. £4(N.€) has two

roots and this time we need the larger root; whereas for fX(K,e) we needed

This is accounted for by our initial value for N, which uses the

plus sign in Eq. (B. 14)

N0=Y+ cCY
€

The root can be used for large values of Y, but since we have a more simple

M _(Y)=13Y+24 for Y = 40
10
M _,(Y)=1.28Y+52 for Y = 80
10
root of £ (Y, 10-6) for Y < 40
M (Y)=
10 6
1.3Y + 24 for Y 240
-12, for Y< 80
root of fN(Y. 10 ) or 1 <
Mlo__lz(Y) =
1.28Y +52 for Y = 80
64
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APPENDIX C

ASYMPTOTIC VALUE OF (P (Z_;_(I%'_‘_l_’ Y)

We show that

. Y-(N-1) 1

Gradshten and Ryzhik [Ref. 17] (p. 717, 6. 63. 8) give us j

2 (n-1)
2" e ¥V I. 1(2v2) dz = 11\7 eY-e Y z Ik(ZY)

(C.2)

A

From Eq. (2. 1) we have

A A T R

2 i
1 -  Py(X.¥)= (NVX) e (v + NX) I, (2JNXv) av

(C. 3)
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so that by change of variables az Z2 = v and az = NX, we obtain

2aN+1 ‘[j.. N 2 2
1 - (PyX ¥)= ot a zN -(a"Z+a”),

2

2 a 2 2
e Z e IN _ l(Za Z) 4z

L]
N
R

~N
!
R
R
2
]
R
N

"
N
R
o
N

o

Iy . 1(zc,,ZZ) dz

2
Iy.(2“2) dz . (c.4)

. 2
Witha =Y - (N - 1) and using Eq, (C, 2) we obtain

N-1 1

0 i s o

k=-(N-1}

Ll AR Lk o an A B o o
b e TR L o 4 SR DRSS M R e KU A A b ¢ PR LA L by i iy i i

[\Y)
s
[]
=<
Z
[]
[y
St |
N
~N
o ot Ltwbancn g el LRI

P
AL Ut L 4 o b o ol B

66

3
F
z
E
3
3
E
E




N-1
1 - e"Z[Y -(N-1)]

k=-(N-1)

1
=3 L(2[¥ - (N - 1))

Y
Y -(N-1)

(C.5)

Taking the limit as Y~e=

and

e 2[Y-(N-1)] 1 2[Y ~(N-1)])= 0 for |K|=N -1 (C.7)

so that Eq. (C. 1) is obtained,

67
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APPENDIX D

CASE 5 FORTRAN PROGRAM

The approximation is simply

ln[y -(N-1
- 1 NM
SPN(X’ Y,p)= > erfc !

120 (D. 1)
where
M=X/p (D. 2)
and
o=2Vtmp . (D. 3)

The subroutine program titled PNLWN (N, X, Y, R, P5) is given below where

N = Number of pulses incoherently integrated
X = Average Input Signal-to-Ncise Ratio
Y

Threshold Level

w

=p
P5 = PN(X, Y,p)

The complementary error function subroutine ERFC (X, ERC) called by

PNLN(N, X, Y, R, P5) also given below is based on Hastings [18] algorithm for

the error function,

=
B
s
=
3
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USERID MASR CLASS A NAME PNLN FORTRAN 02/714/75 12029019
OREAD PNLN FORTRAN Al MASR 8/27/74 14039

SUBROUTINE PNLN(NyX,Y,RHO,P5)

XM=X/RHO

SI1G= SQRT(2. *ALOG(RHO))

ARG=ALOG{ (Y~ FLOAT{(N-1})/( FLOAT(N)®*XM))/(l.414213562 *SIG)
CALL EREC( ARG, ERC)

P5x.5 SERC

RETURN

END

SUBROUTINE EREC(X,EKC)

DATA Al,A2:A3,A44AS5,P,P1/.225836B46,-.252128668,1.25969513,
1-1.2678224539 94064607, +3275911+3.14159265/
SPI=SQRT(PI)

IF(X)10,242

Cl=0.0

c2=1.0

ETA=1./7(1.4P%X)
POLY=(((((AS*ETA+AL)SETA+A3)*ETA+A2)SETA+AL)SETA)
ERC=C14C282.5POLY*EXP(~X*%2) /SP1

RETURN

Cl=2.

CZ‘-'I.

X==X

60 10 3

END
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